Knowledge of moment of inertia data for an aircraft is critical for both aircraft analysis as well as model development for control. There have been a variety of different methods employed to measure moment of inertia including: physical pendulums, bifilar pendulums, compound pendulums, torsional pendulums, and torque. The accuracy of the moments of inertia determined using these methods depend upon a variety of factors, such as friction, drag, and vibrations. These contributions can be significant, as errors due to drag can increase quadratically with velocity and errors due to friction can increase as mass is added to the system. This paper seeks to build upon previous moment of inertia measurement techniques by considering the effects of drag on experimental measurements. A torque-based moment of inertia testing rig was fabricated in house, made up of a 4 x 6 x 6 ft steel framework and a pulley torque system. The testing rig allows for quick and reliable measurement with minimal error. Validation was performed using a series of bars to quantify how much error is expected and then using a flat plate to demonstrate that drag is negligible. Finally, the testing rig was used to measure the moment of inertia of two unmanned aircraft. 
I. Introduction
Knowledge of moment of inertia data for an aircraft is critical for both aerodynamic analysis as well as model development for control. There have been a variety of different methods employed to measure the moment of inertia including: physical pendulums, bifilar pendulums, compound pendulums, torsional pendulums, and torque. [1] [2] [3] [4] [5] [6] [7] [8] [9] The accuracy of the inertias determined using these methods depend upon a variety of factors, such as friction, drag, and vibrations. These contributions can be significant, as errors due to drag can increase quadratically depending upon how fast the inertias are being measured and friction can increase as mass is added to the system.
In the early work of the National Advisory Committee for Aeronautics (NACA), mass moment of inertia properties of small aircraft were measured using a bifilar pendulum. This system improved upon previous bifilar pendulums, as it was designed to eliminate secondary oscillations during operation. Though an improvement upon previous inertia rigs, factors such as damping were not considered and the pendulum was assumed to be a harmonic undamped oscillator, which can result in significant errors. 1, 2 Other efforts undertaken by NACA including the use of compound pendulums and torsional pendulums with varying success. 3, 4 Jardin and Mueller developed a bifilar pendulum that accounts for both damping and air resistance, by incorporating non-linear terms into the equations of motion. These results were accurate for small inertia values, though errors of 12% occurred from the measurements as the mass and area of the measured object increased, requiring additional mass corrections. 6 A knife-edge pendulum was used in conjunction with the parallel-axis theorem to calculate the inertias of multiple UAVs, yielding low errors for small aircraft. This method takes into account dampening from friction, which allowed the researchers to calculate the natural period of the their UAV. As the size of the aircraft increased though, errors as high as 40% resulted, meaning that this technique is not practical for estimating the moment of inertia of larger UAVs. 7 Lehmkühler et. al examined moment of inertia testing in detail and developed two types of physical pendulum testing methods: single degree-of-freedom and three degree-of-freedom. 9 As expected, the single degree-of-freedom testing method yield the moment of inertia value for a single axis while the three degree-of-freedom testing method is able to yields the entire inertia tensor from a single swing test. The testing methods take into account geometric-based corrections for drag to increase accuracy. These corrections, which can account for up to 25% of the values, were based on results from testing an aircraft-shaped flat plate and a foam-simulation aircraft. Using the corrections, the testing methods yielded errors between 0 and 3.3% for the single degree-of-freedom tests and errors between 0 and 13.6% for the three degree-of-freedom tests.
The methods in the literature provide a range of testing options, but are, for the most part, rather time-intensive in their implementation and troublesome in terms of minimizing error. This provided the motivation to develop a moment of inertia testing method that would be both quick and easy to use as well as insensitive to external factors, thereby minimizing potential sources for error. Taking inspiration from motor-driven, torque-based moment of inertia testing rigs used to measure micro-and cube-satellites, a known-mass and pulley, torque-based moment of inertia testing rig was developed. This paper describes a torque-based moment of inertia testing rig intended for small to medium sized unmanned aircraft as well as for the testing and validation techniques employed. The rig, which was fabricated in house, is made up of a 4 x 6 x 6 ft steel framework and a pulley torque system. The moments of inertia are determined by applying a known torque using a known-mass to the pulley system, which will cause the system to accelerate. This paper will first examine the theory behind the moment of inertia measurement method used. Then the inertia rig design, construction, and instrumentation will be presented. This will be followed byvalidation testing and error quantification. After that, the testing of two aircraft will presented, which includes the mounting methods used. The paper will conclude with a summary and statement of future work.
II. Theory
The moment of inertia of a system can be determined by applying a known torque to the system, which will cause the system to angularly accelerate. The motion of the torque system is governed by:
where torque is a linear function of the moment of inertia and of angular acceleration. This expression can be rearranged as such:
To calculate the moment of inertia, the torque applied and angular acceleration must be known. Assuming that the torque is constant and known, the angular acceleration must be found. As instruments, i.e. gyroscopes, typically measure angular velocity and not acceleration, the angular velocity values measured can be differentiated with respect to time to yield acceleration.
In order to minimize motion effects, the pulley system should be perturbed with an initial velocity in the direction opposite of the torque and released. This would allow the system to accelerate in the direction of the torque passing through zero velocity. By only utilizing measurements around zero velocity, as illustrated in Figure 1 , the angular velocity will be minimized and in doing so the drag will be reduced quadratically with velocity, making drag contributions negligible. However, it may be infeasible to mount an entire aircraft on the pulley about its center of gravity (center of mass) due to geometric and structural constraints. One option is to break the aircraft into smaller components and to add up all of the individual moments of inertia. However, the locations where each of these components are mounted on the aircraft with respect to the center of gravity must be accounted for. This can be done through the use of the parallel axis theorem:
where the adjusted moment of inertia is equal to the measured moment of inertia plus the mass of the component multiplied by the radius (offset from desired location) squared. The moments of inertia of all the components can therefore be accounted for and properly summed. Additionally, this equation can be inverted to find the moment of inertia of a component if it must be offset from its center of mass during measurement.
III. Design and Development
The design of the moment of inertia testing rig is split up into the three functional elements: the framework, the rotation assembly, and the instrumentation. First, the framework must be very sturdy while providing sufficient clearance for the aircraft to fit and rotate through. Next, the rotation assembly must be able to both support the aircraft while allowing it to rotate freely with minimal friction. Finally, the instrumentation must record the angular velocity of the rotational assembly with high fidelity and at high frequency. The combination of these functional elements are vital such that proper measurements can be taken.
The framework was built from steel angles and bars, as can be seen in Figure 2 . The steel angle sides provide high rigidity and strength resisting twisting and bending along their length while the steel bars steady the framework, maintaining squareness and inhibiting corner movement. All of the steel pieces are fastened using 1/4-20 bolts and locknuts. The framework was sized to a 4 x 6 x 6 ft such that the rig could accommodate the testing of most aircraft in the small to medium size category. The only major restriction in size is aircraft length during roll testing, where the aircraft is mounted vertically; however, this can easily be overcome by lifting the rig off the ground and securing it to concrete blocks. It was discovered in previous testing that a structure that was any larger would require significantly thicker and wider steel angles and bars because the 1.5 in wide, 1/8 in thick steel angle and bars used would become very flexible at those lengths. As part of the design process and to ensure that the moment of inertia testing rig could accommodate aircraft for testing, an example aircraft was mounted within the CAD platform. A 1/5 scale Cessna, which was modeled as part of other research, 10 was mounted to the rotation assembly in roll, pitch, and yaw testing configurations, as can be seen in Figure 3 . For pitch testing, a wing panel would be removed, tested separately, and then the moments of inertia would be added using the parallel axis theorem as outlined in Section II.
The rotation assembly consists of an aluminum block holding a pair of ball bearing that support a shaft connecting the pulley to the aircraft mount; a cross section view of the rotation assembly can be seen in Figure 5 . The aluminum block was mounted through a pair of steel angles into the framework, which can be seen in Figure 4 , such that there is no movement. The bearings were pressed into the aluminum block and then the shaft was pressed into the bearings. The pulley and aircraft mount were connected to the shaft using clamping hubs. A countersink bolt was also added to provide extra security to inhibit the aircraft mount from slipping down and off the shaft. The instrumentation utilized in the moment of inertia testing rig was an Al Volo FDAQ 100 Hz data acquisition system 11 as shown in Figure 6 . The FDAQ has an integrated inertial measurement unit integrated, which incorporates a 3-axis gyroscope. The yaw-axis gyroscope was used to measure angular velocity required for moment of inertia measurements. The system was packaged for this application in a low-weight nylon enclosure and the mass of the entire enclosed system is approximately 100 gr. The FDAQ was semi-permanently attached onto the top of the pulley using a high-strength adhesive double-sided tape. The FDAQ is powered by a small 2-cell, 7.4V 500mAh lithium polymer battery, which has a mass of 30 gr and was attached to the top of the system using hook and loop such that it could be removed for charging. 
IV. Validation Testing
Validation was performed on the moment of inertia testing rig using two methods. The first type of validation testing involved measuring the moments of inertia of plastic and steel calibration bars, which could be combined in different quantities to allow for the validation of a range of moments of inertia; the bars also have relatively high moment of inertia values and thus are minimally effected by drag. The second type of validation testing involves measuring the moment of inertia of a flat plat made out of MDF, which has relatively low mass and high area and thus demonstrates the drag insensitivity of this moment of inertia testing rig.
A. Calibration Bars
Initial testing on the pulley torque system was performed using calibration pieces which consisted of 24 x 1.5 x 0.125 in plastic and steel bars. The bars were tested on the rig in different quantities allowing for a range of moments of inertia to be validated, from 0.0072 to 0.0389 kg m 2 . These bars have moments of inertia which can be calculated as follows:
A 100 gram calibration mass was attached to the pulley string of the system to apply a constant torque. Figure 7 shows how the bars were attached to the pulley system and how the calibration mass was attached to the pulley string. The angular velocity was measured by the Al Volo FDAQ system's internal IMU gyroscope at an acquisition rate of 100Hz. After each measurement, an additional bar was mounted to the inertia rig to observe any discrepancies as the weight and inertia increased. The results from these calculations are shown in Table 1 . Based on the results, the rig is able to very accurately measure the moment of inertia of an object, i.e. within 5%, as can be seen for 3 to 7 plastic bars or 1 steel bar. The validation test with 2 steel bars exhibits 7.20% error; however, it is believed that insufficient torque, generated by the 100 gr calibration mass relative to the inertia of the 2 bars, and the resulting friction effects are the causes for this error. 
B. Flat Plate
Additional validation testing was performed to study the contribution of drag to measurement error with the moment of inertia rig. As such, a 48.75 x 6 x 0.75 in flat plate was cut from MDF, mounted to a steel bar from Section IV.A, and mounted as shown in Figure 8 . The flat plate has a wetted area close to that of the aircraft tested in Section V, and thus is expected to produce a similar amount of drag. The MDF flat plate was tested using a 500 gr calibration mass. The angular velocity data generated was also used to calculate the total drag acting upon it, assuming a sectional drag coefficient of 1.98 for a flat plate. 12 The torque acting on the plate from drag was integrated along the span of the plate. The total torque generated by drag was plotted with respect to time in Figure 9 (b). The time average valued of torque due to drag is 0.0009701 N m, which is 0.257% of the torque applied by the calibration mass applied to the pulley (0.373 N m). As the torque due to drag is significantly smaller than the torque applied by the calibration mass applied to the pulley, it was determined that by using this moment of inertia measurement technique, the effects of drag are negligible and can be disregarded. (b) Figure 9 . MDF flat plate moment of inertia testing: (a) angular velocity, (b) torque due to drag.
V. Aircraft Testing
Two aircraft were tested using the inertia rig. The first aircraft, the Avistar UAV, is based on a typical trainer-type RC model and is used for avionics development. The second aircraft, the Cirrus SR-22T, is based on an approximately 1/5 scale model and is used for baseline testbed development. Both of these aircraft were mounted into the rig using various methods described below. The first aircraft was tested in pitch while the second aircraft was tested in all 3 axes.
A. Avistar UAV
The Avistar UAV is a 62.5 in wingspan fixed-wing aircraft developed from the Great Planes Avistar Elite. 13 This aircraft has previously been used to test a sensor data acquisition system 14, 15 as well as verify power estimation methods. 16 The completed flight-ready aircraft is shown in Fig. 10 and its physical specifications are given in Table 3 . The Avistar UAV was tested only in the pitch axis per current research project needs. In order to do so, the aircraft was disassembled into several pieces, as would be done so for transporting the aircraft; i.e. the fuselage, wing halves, and wing tube. Each of these aircraft pieces was tested separately.
The fuselage pitch moment of inertia testing was performed using a 200 gr calibration mass as can be seen in Figure 11 (a).The fuselage was tested in a flight-ready state with the instrumentation and flight batteries installed. The only change made to the aircraft was that the left main landing gear was removed and taped onto the right landing gear such that the aircraft could freely rotate; care was taken to keep the same longitudinal placement. The mount used to secure the fuselage was also tested on the inertia rig and the value measured was removed from that measured for fuselage; see Figure 11 (b).
The wings were tested one at a time using a plastic bar from Section IV.A as a mount and with a plastic cup and coins, which had been weighed, to provide torque, as seen in Figure 12 . Similar to the fuselage testing, the inertia of the plastic bar was removed from the value measured for the wings. The inertia of the wing tube was estimated given that it is a tight-tolerance aluminum tube with a length, diameter, thickness, and weight that could easily be measured.
The pitch moments of inertia of each of the components were added up using the parallel axis theorem, following the description in Section II. The final value produced for the pitch moment is I yy = 0.3423kg m 2 . It should be noted that the Avistar UAV, specifically the fuselage, is not expected no produce significantly more drag than the flat plate used in validation testing, as seen in the area comparison Figure 13 . Therefore, based on the results from in Section IV.B, the minimal drag produced can be neglected using this testing method without sacrificing results. 
B. Cirrus SR22T Baseline Testbed
The Cirrus SR22T Baseline Testbed is a 68.8 in wingspan fixed-wing aircraft developed from the Hangar 9 Cirrus SR22T. 17 This aircraft is in the process of being developed into a distributed electric propulsion testbed. 18 The flightready aircraft is shown in Fig. 14 and its physical specifications, at the time of inertia testing, are given in Table 4 . The Cirrus SR22T Baseline Testbed was tested in all three axes in order to evaluate the baseline aircraft moment of inertia values such that when modifications are made, the final resulting aircraft will have desired moments of inertia. Moment of inertia testing for this aircraft was done in different ways for each of the axes. It should be noted that all configurations were tested with the aircraft, or aircraft pieces, in flight-ready configurations with the exception that the cowling, propeller, and spinner were always removed. The moments of inertia for these would be added in calculation after testing.
For roll moment of inertia testing, the Cirrus SR22T Baseline Testbed was kept fully assembled and connected to the pulley system using a custom made mount, as seen in Figure 15(a) . A 500 gr calibration mass was used to torque the aircraft as smaller calibration masses could not torque the aircraft quickly enough to produce smooth accelerations. It should also be noted that the perturbations made during roll testing were started and stopped such that the outer portion of the wings would not hit the frame of the rig. Additionally, the moment of inertia for the roll testing mount was also measured and the value was subtracted from that measured for the mounted aircraft, similar to what was done with the Avistar UAV; this testing was performed using a plastic cup and coins, which had been weighed, to provide torque.
Pitch moment of inertia testing of the Cirrus SR22T Baseline Testbed was performed in an identical manner to that performed with the Avistar UAV. The fuselage was secured to a custom-made mount and the left main landing gear removed and taped onto the right landing gear such that there would not be any interference. The fuselage pitch moment of inertia testing was performed using a 500 gr calibration mass and can be seen in Figure 16 (a). The wings were measured individually using one side (half) of the fuselage mount with a weighed plastic cup and coins to provide torque, as seen in Figure 16(b) . Finally, the fuselage pitch mount was also measured as can be seen in Figure 16 (c). The moment of inertia of the wing tube was estimated given its easily measurable length, diameter, thickness, and weight.
For yaw moment of inertia testing, the Cirrus SR22T Baseline Testbed was split into two pieces: the fuselage with the empennage and the joined wingset. The fuselage and empennage were mounted using a custom-made mount, which required the main landing gear to be disassembled and then reassembled. It should be noted that the left horizontal stabilizer was disassembled and then taped on to the fuselage and vertical stabilizer, with care being taken to maintain the correct longitudinal position on the aircraft, such that there would not be any interference with the rig. A testing photo can be seen in Figure 17 (a) and the mount can be seen in Figure 17 (c). The wing panels and wing tube were joined as they would be on the aircraft and mounted using a wide plastic bar for testing, as can be seen in Fig. 17 (b) and 17(d). For both the fuselage and empennage and the joined wingset, the mounts we measured seperately and their moment of inertia values were removed from those measured for the mounted aircraft pieces.
The moments of inertia for roll and yaw of each of the components were added up using the parallel axis theorem, following the description in Section II. The combined results for the roll, pitch, and yaw moments of inertia for the Cirrus SR22T Baseline Testbed are summarized in Table B. Similar to the previous testing, it should be noted that the Cirrus SR22T Baseline Testbed, specifically the fuselage and empennage, are not expected no produce significantly more drag than the flat plate used in validation testing, as seen in the area comparison Figure 18 . Although the aircraft components have a bit more area than the flat plate because the fuselage is highly curved, a similar effective flat plate area is expected. Therefore it is assumed that the minimal drag produced can be neglected using this testing method without sacrificing results. 
VI. Summary and Future Work
A torque-based moment of inertia testing rig intended for small to medium sized unmanned aircraft was designed, built, validated, and used for testing. The design is made up of three functional elements: a 4 x 6 x 6 ft steel framework, a rotation assembly, and a 100 Hz instrumentation system. The validation testing showed that the rig is able to measure the moment of inertia of aircraft with very little error while being insensitive to drag. The moment of inertia testing rig was then used to test two unmanned aircraft, the Avistar UAV and the Cirrus SR22T Baseline Testbed.
Further improvement, validation, and testing is planned for the torque-based moment of inertia testing rig. In terms of rig improvement, it would be advantageous to replace the string, pulley, and calibration mass method of generating torque with a calibrated motor; doing so would also allow the initial perturbation velocity to be automated. More validation with test articles of various density and geometry is also of interest. Additionally, there is also interest to better quantify the friction found in the system.
